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A set of equivalent positions in an achiral skeleton is regarded as an orbit as-signed to a coset representation 

 

G

 

(/

 

G

 

i

 

),
where the subgroup 

 

G

 

i

 

 is 

 

C

 

nv

 

 or 

 

C

 

n

 

.  Desymmetrization of the achiral skeleton by substituting a single ligand is examined
by virtue of the subduction of the coset representation 
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(/
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) ↓
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, which is determined to be 
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).
The multiplicities (

 

α

 

 and 

 

β

 

) of the resulting coset representations are calculated from the data of the participating groups
and the normalizer of 

 

G

 

i

 

.

 

From the foundation of stereochemistry by van’t Hoff,

 

1

 

 mol-
ecules belonging to various symmetries have been designed
explicitly or implicitly by desymmetrization of achiral skele-
tons with appropriate substituents.

 

2–5

 

  Such desymmetrization
processes have been investigated by means of group-theoreti-
cal concepts such as local symmetry (or site symmetry),

 

6,7

 

which was originally used in the field of crystallography.

 

8

 

  For
the purpose of obtaining deeper insight into stereochemical
phenomena,

 

9–13

 

 we have pointed out the importance of orbits
corresponding to coset representations (CRs),

 

9

 

 of which sub-
ductions have been proposed and applied to the characteriza-
tion of desymmetrization processes by us.

 

14

 

  The subduction
method has been further applied to the design of prochiral
molecules

 

15

 

 and that of chiral molecules.

 

16

 

  The latter two re-
ports have dealt with one extreme of high-symmetry cases,
where an orbit fully accomodates substituents of the same kind
or of the opposite chiralities, giving a molecule of the highest
possible symmetry.  However, the other extreme of lower-sym-
metry cases remains uninvestigated, where an orbit accomo-
dates one substituent of a given symmetry along with the other
substituents of the same kind.  Hence, the first target of the
present paper is to deal with such lower-symmetry cases in
general.  The second target is to clarify the diagrammatical or
stereochemical meaning of the subductions by examining such
extreme cases.

 

Results and Discussion

1.  Terminology.    

 

Let me first comment on the terminolo-
gy for characterizing stereochemical equivalence.  The topicity
terms (i.e. homotopic, enantiotopic and diastereotopic) have
been widely used in organic stereochemistry.

 

17–22

 

  Since these
terms are too narrow to express the entire aspect of stere-
ochemistry, they have been used in combination with another
type of topicity terms (i.e. chirotopic and achirotopic).

 

7

 

  In
place of using such types of topicity terms, I adopt the spheric-
ity terms (i.e. homospheric, enantiospheric and hemispheric)

 

9

 

as a unified terminology and use them throughout this paper in
order to clarify their effectiveness for determining symmetrical

properties of molcecules.  Thus a set of equivalent positions or
atoms in a molecule or skeleton is considered to construct an
orbit, which is assigned to a coset representation 

 

G

 

(/

 

G

 

i

 

).  Then
the orbit is characterized as being 

 

homospheric

 

 if the global
symmetry 

 

G

 

 and the local symmetry 

 

G

 

i

 

 are both achiral
groups; 

 

enantiopheric

 

 if 

 

G

 

 is achiral and 

 

G

 

i

 

 is chiral; and

 

hemispheric

 

 if both 

 

G

 

 and 

 

G

 

i

 

 are chiral groups.  For example,
the four hydrogens of a methane molecule (CH

 

4

 

) are equiva-
lent so as to construct an orbit (Fig. 1).  Since the global sym-
metry of the methane is 

 

T

 

d

 

 and the local symmetry of each hy-
drogen is 

 

C

 

3

 

v

 

, the orbit is assigned to a coset representation

 

T

 

d

 

(/

 

C

 

3

 

v

 

).

 

23

 

  Then, the orbit is determined to be homospheric,
since the global symmetry 

 

T

 

d

 

 and the local symmetry 

 

C

 

3

 

v

 

 are
both achiral groups.

 

2.  Problem-Setting.    

 

To illustrate the problem-setting of
the present paper, let us consider a special case in which meth-
ane as a 

 

T

 

d

 

-skeleton is transformed into chloromethane by the
mono-substitution of chlorine (Fig. 1).  This process is regard-
ed as the desymmetrization of the 

 

T

 

d

 

-skeleton into a 

 

C

 

3

 

v

 

-mole-
cule from one viewpoint of global symmetry.  The other view-
point is based on local symmetry, which gives a more sophisti-
cated result.  Thus, the local symmetry of each hydrogen in
methane is 

 

C

 

3

 

v

 

 so that the four-membered orbit containing the
hydrogen is ascribed to the coset representation (CR) repre-
sented by the symbol 

 

T

 

d

 

(/

 

C

 

3

 

v

 

).  The process from 

 

T

 

d

 

 to 

 

C

 

3

 

v

 

 is
translated into the subduction of the CR, represented by

 

Fig. 1. Orbits and coset representations.
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Where the local symmetry of the original skeleton (methane) is
equal to the global symmetry of the target molecule (chlo-
romethane).  The resulting CR 

 

C

 

3

 

v

 

(/

 

C

 

3

 

v

 

) on the right-hand side
of Eq. 1 corresponds to the one-membered orbit of chlorine,
while the remaining CR 

 

C

 

3

 

v

 

(/

 

C

 

s

 

) corresponds to the three-
membered orbit of the unchanged hydrogens.

Such modes of subduction as found in Eq. 1 have been cal-
culated mathematically to provide subduction tables, as col-
lected in Appendix C of our book.

 

11

 

  The present article pro-
vides another quantitative but diagrammatical approach to treat
subduction modes.  The CR 

 

T

 

d

 

(/

 

C

 

3

 

v

 

) is derived from the coset
decomposition:
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d
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C2(2) � C3vC2(3), (2)

where the symbol I represents an identity element.  In other
words, the CR Td(/C3v) governs the set of cosets Td/C3 repre-
sented by

Td/C3 � {C3vI, C3vC2(1), C3vC2(2), C3vC2(3)}. (3)

The four cosets appearing in Eq. 2 or in Eq. 3 are schematical-
ly assigned to the four positions of a methane skeleton, as
shown in the left diagram of Fig. 2.

The substitution of a chlorine atom corresponds to the fixa-
tion of the C3v shown in the left diagram of Fig. 2.  This fixa-
tion corresponds to the selection of a coset C3v (� C3vI) as a
representative (Fig. 2, left), which can be correlated to the CR
C3v(/C3v) in Eq. 1.  On the other hand, the remaining set of
cosets C3vC2(i) (i � 1, 2, 3) in Fig. 2 can be correlated to the CR
C3v(/Cs) in Eq. 1.  The stereochemical meaning of the latter set
is made clear by the coalescence of the three participant cosets
to give a double coset decomposition:24

Td � C3vIC3v � C3vC2(1)C3v, (4)

which is related to Eq. 2.  Note that C3vIC3v is equal to C3v and
we have C3vC2(1)C3v � C3vC2(1) � C3vC2(2) � C3vC2(3), as
shown schematically on the right of Fig. 2 (enclosed with a

frame).  The local symmetry Cs of C3v(/Cs) (Eq. 1) can be ex-
plained by means of the double coset decomposition.  Thus the
representative C2(1) of the double coset C3vC2(1)C3v gives C3v(2)

� C2(1)
�1C3v(1)C2(1), from which we derive C3v(2) ∩ C3v � Cs(2)

for the CR C3v(/Cs).
The substitution of a chlorine atom for a methane skeleton

can be alternatively explained in terms of stabilizers.  The sta-
bilizer of the coset C3vC2(i) within Td is C2(i)

�1C3vC2(i), since
we have C3vC2(i)�C2(i)

�1C3vC2(i) � C3vC2(i).  By using the trans-
versal {I, C2(1), C2(2), C2(3)}, the stabilizers can be produced as
follows: C3v(2) � C2(1)

�1C3v(1)C2(1), C3v(3) � C2(2)
�1C3v(1)C2(2),

and C3v(4) � C2(3)
�1C3v(1)C2(3), where we place C3v(1) � C3v.

These stabilizers can be correlated to the four positions of a
methane skeleton, as found in Fig. 3 (left).  The conjugacy
among C3v(2), C3v(3), and C3v(4) by virtue of a three-fold rotation
is examined so that we have C3(1)

�1C3v(2)C3(1) �
C3(1)

�1C2(1)
�1C3v(1)C2(1)C3(1) � C2(2)

�1C3v(1)C2(2) � C3v(2), and so
on.  This conjugacy means that the number of the stabilizers is
three if we consider the C3-axis due to C3v.  Note that the local
symmetry C3v (� {I, C3(1), C2

3(1), and mirrors}) is based on the
C3-axis.  The conjugacy among C3v(2), C3v(3), and C3v(4) is not
retained during the desymmetrization from Td to C3v.  This fact
is related to the CR C3v(/Cs) in a resulting molecule of C3v-
symmetry (Fig. 3, right).  The local symmetry Cs of C3v(/Cs)
appearing in Eq. 1 is derived from the relationships C3v(2) ∩
C3v � Cs(2), C3v(3) ∩ C3v � Cs(3), and C3v(4) ∩ C3v � Cs(4); the
resulting reflection groups of order 2 are conjugate to each oth-
er in C3v as well as in Td.

3.  General Treatment.    The above discussions can be ex-
tended to a general case.  The positions of an achiral akeleton
of G-symmetry are governed by a CR G(/Gi) that is homo-
spheric or enantiospheric.  Suppose that Gi is a rotation-based
group represented by the symbol Cnv or Cn n is a positive inte-
ger)25 and that one of the positions is substituted by a substitu-
ent of Gi- or higher symmetry.26  According to this substitu-
tion, we have a subduction.

G(/Gi) ↓ Gi � αGi(/Gi) � βGi(Gk
(i)) (5)

as an extension of Eq. 1, where Gk
(i) is a subgroup of Gi.  When

Gi is achiral (i.e., G(/Gi) is homospheric), the CR Gi(/Gi) cor-
responding to a one-membered orbit is obviously homospheric
while the CR Gi(/Gk

(i)) is either homospheric or enantiospher-
ic.  When Gi is chiral (i.e., G(/Gi) is enantiospheric), the CRs
Gi(/Gi) and Gi(/Gk

(i)) are both hemispheric.  Since the degree
of the CR G(/Gi) is equal to |G|/|Gi| and so on, Eq. 5 gives the
relatiohship:

(6)
 

Fig. 2. Cosets, double cosets, and stereochemical equiva-
lence.
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Fig. 3. Stabilizers and stereochemical equivalence.
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where the symbols |G| etc. represent the orders of the group G
etc.

The value of α is equal to tha mark (the number of fixed
points), which is calculated to be

(7)

where the symbol |NG(Gi)| represents the normalizer of the
subgroup Gi within its super-group G.

Equation 7 can be proved as follows.  We have a coset de-
composition of the normalizer,

(8)

where g is a representative selected from a transversal X, the
size of which is equal to the number of cosets Gig appearing in
Eq. 8, i.e., |NG(Gi)|/|Gi|.  Since g (∈ X) is an element of the
normalizer NG(Gi), we have G � g�1 Gig.  It follows that

GigGi � Gig(g�1Gig) � Gig. (9)

Equation 9 means that the double coset GigGi contains only
one coset Gig.  Hence, GigGi for each g(∈ X) is correlated to
the CR Gi(/Gi).  Equation 9 shows at the same time that the
number (i.e. α) of the double cosets GigGi for each g(∈ X) is
equal to the number of the cosets Gig, which has been calculat-
ed to be |NG(Gi)|/|Gi| by means of Eq. 8.

Finally, Eqs. 6 and 7 give the value of β, being

(10)

Equation 5 is a special case for the subduction of coset repre-
sentations, which has been calculated algebraically and is list-
ed as subduction tables for representative point groups.11  In
contrast, Eqs. 7 and 10 give another way of calculating the
multiplicities (α and β), which are derived from the data of the
participating groups and the normalizer of Gi.  Since the spe-
cial case describes modes of monosubstitution, such a restric-
tion is rather fruitful since it gives a determinative result such
as Eqs. 7 and 10.

4.  Methane Derivatives.    Let us examine the chlo-
romethane case described above.  Equation 1 is an example for
a general expression of Eq. 5.  The normalizer of C3v in Td is
C3v itself so that we obtain α � |C3v|/|C3v| � 1 for chlo-
romethane (Eq. 1).  By virtue of Eq. 10, we obtain β � [(24 �
6) � 2]/62 � 1, since we have |G| � |Td| � 24, |Gi| � |C3v| �

6, |NG(Gi)| � |C3v| � 6, and |Gk
(i)| � |Cs| � 2.  This result is

in agreement with Eq. 1.
Let us consider further substitution of chloromethane with a

fluorine atom (Fig. 4).  Thus, the homospheric C3v(/Cs)-orbit in
chloromethane is to be examined.  This example is a case in
which a homospheric orbit is desymmetrized into a homo-
spheric one-membered orbit and an enantiospheric orbit.

Suppose that one of the three hydrogens is substituted by a
fluorine atom (the right diagram of Fig. 4.  This desymmetriza-
tion process corresponds to the following subduction:

C3v(/Cs) ↓ Cs � Cs(/Cs) � Cs(/C1), (11)

which is in agreement with Eq. 5.  Since the normalizer of Cs

in C3v is determined to be Cs itself, Eq. 7 gives

(12)

which is equal to the coefficient of the CR Cs(/Cs) on the right-
hand side of Eq. 11.  According to Eq. 10, we have

(13)

which is equal to the coefficient of the CR Cs(/C1) on the right-
hand side of Eq. 11.

Let us next consider the conversion of dichloromethane into
dichlorofluoromethane (Fig. 5), where the homospheric C2v(/
Cs)-orbit of two hydrogens in dichloromethane is to be exam-
ined.  This example is a case in which a homospheric orbit is
desymmetrized into two homospheric one-membered orbit and
no other orbits.

The desymmetrization process of the C2v(/Cs)-orbit corre-
sponds to the following subduction:

C2v(/Cs) ↓ Cs � 2Cs(/Cs), (14)

which is in agreement with Eq. 5.  The normalizer of Cs in C2v

is determined to be C2v.  Note that the Cs is not conjugate to
the other reflective subgroup of the C2v.  Hence, Eq. 7 gives

(15)

which is equal to the coefficient of the CR Cs(/Cs) on the right-
hand side of Eq. 14.  On the other hand, we have

Fig. 4. Chloromethane and Chlorofluoromethane.
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Fig. 5. Dichloromethane and Dichlorofluoromethane.

α � � �
C
C

s

s

2
2

1,

β �
� �

�
( )

,
6 2 1

2
12

α υ� � �
C
C

2 4
2

2
s

,



1018 Bull. Chem. Soc. Jpn., 74, No. 6 (2001) Desymmetrization of Achiral Skeletons

[BULLETIN 2001/06/14 00:28] 00379

(16)
 
according to Eq. 10.  This value is in agreement with Eq. 14,
which contains no such CRs.

5.  Adamantane Derivatives.    Twelve hydrogens on the
methylene bridges of adamantane construct an orbit assigned
to the CR Td(/Cs), as shown on the left of Fig. 6.  The number
of them is calculated to be |Td|/|Cs| � 24/2 � 12.  The CR is
homospheric, since Td and Cs are both achiral.  This example
is a case in which a homospheric orbit is desymmetrized into
two homospheric one-membered orbit and five enantiospheric
orbits.

By substituting one of the twelve hydrogens with a chlorine
atom, the adamantane skeleton is desymmetrized into 2-chlo-
roadamantane of Cs-symmetry, as shown on the right of Fig. 6.
In agreement with Eq. 5, the desymmetrization process is char-
acterized by the following subduction:

Td(/Cs) ↓ Cs � 2Cs(/Cs) � 5Cs(/C1). (17)

The coefficient 2 on the CR Cs(/Cs) corresponds to the chlorine
and the hydrogen on the same carbon.  On the other hand, the
remaining ten hydrogens are divided into five orbits corre-
sponding to the CR Cs(/C1).

Since the normalizer of Cs in Td is determined to be C2v, Eq.
7 gives

(18)

which is equal to the coefficient of the CR Cs(/Cs) on the right-
hand side of Eq. 17.  On the other hand, we have

(19)

by virture of Eq. 10.  This value is equal to the coefficient of
the CR Cs(/C1) appearing on the right-hand side of Eq. 17.

6.  Hetera-adamantane Derivatives.    Adamantane has
six methylenes, which construct an orbit assigned to the CR
Td(/C2v), where the number of the methylenes is calculated to
be |Td|/|C2v| � 24/4 � 6 (the left diagram of Fig. 7).  The CR
is homospheric, since Td and C2v are both achiral.

Suppose that one of the six methylenes is replaced by an ox-

ygen atom (the right diagram of Fig. 7).27  This desymmetriza-
tion process is characterized by the following subduction:

Td(/C2v) ↓ C2v � 2C2v(/C2v) � C2v(C1), (20)

which is in agreement with Eq. 5.  The coefficient 2 on the CR
C2v(/C2v) corresponds to the oxygen and the opposite methyl-
ene, each of which is assigned to a one-membered C2v(/C2v)-
orbit.  Note that the five methylenes have remained unsubsti-
tuted, the one methylene described above is discriminated
from the others.  Thus the set of the other four methylenes cor-
responds to the CR C2v(/C1).

Since the normalizer of C2v in Td is determined to be D2d,
Eq. 7 gives

(21)

which is equal to the coefficient of the CR C2v(/C2v) appearing
on the right-hand side of Eq. 20.  According to Eq. 10, on the
other hand, we have

(22)

which is equal to the coefficient of the CR C2v(/C1) appearing
on the right-hand side of Eq. 20.

2,6-Dioxaadamantane belongs to the global symmetry D2d,
where we examine four carbons on the methylene bridges.

Fig. 6. Adamantane and 2-chloroadamantane.
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Fig. 8. Dioxa-adamantane and an dioxathia derivative.
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They construct an orbit assigned to the CR D2d(/C′2), as shown
on the left of Fig. 8.  The CR is enantiospheric, since the global
symmetry D2d is achiral and the local symmetry C′2 is chiral.
The number of the methylenes is calculated to be |D2d|/|C′2| �
8/2 � 4.  This example is a case in which an enantiospheric or-
bit is desymmetrized into hemispheric orbits.

Suppose that one of the four methylenes is substituted by a
sulfur atom.  The enantiosphericity of the D2d(/C′2)-orbit caus-
es a chiral synthesis (so-called asymmetric synthesis) to give a
chiral molecule shown on the right of Fig. 8, where an arbi-
trary enantiomer is shown as a representative.  In agreement
with Eq. 5, this desymmetrization process is characterized by
the following subduction:

D2d(/C′2) ↓ C′2 � 2C′2(/C′2) � C′2(/C1). (23)

The coefficient 2 on the CR C′2(/C′2) corresponds to the sulfur
and the opposite methylene, each of which is assigned to a
one-membered C′2(/C′2)-orbit.  On the other hand, the set of
the remaining two methylenes corresponds to the CR C′2(/C1).
Note that the symbols on the right-hand side of Eq. 23 contain
primes in order to avoid confusion, though the discrimination
due to conjugacy loses meaning during the desymmetrization.
For the sake of simplicity, such prime symbols have been omit-
ted on the right of Fig. 8.

According to Eq. 7, we have

(24)

since the normalizer of C′2 in D2d is determined to be D2.  The
resulting value 2 is equal to the coefficient of the CR C′2(/C′2)
on the right-hand side of Eq. 23.  According to Eq. 10, on the
other hand, we have

(25)

which is equal to the coefficient of the CR C′2(/C1) on the
right-hand side of Eq. 23.

Fixed Axes and Planes

The subduction of a homospheric or enantiospheric orbit
represented by G(/Gi) ↓ Gi corresponds to the fixation of the
axis of Gi, if Gi is regarded to be Cnv or Cn and we have n � 2.
For example, the case of methane (Fig. 1) is the fixation of the
C3 axis through one of the four hydrogens.  This process caus-
es the fixation of one hydrogen, since the C3 axis contains the
fixed hydrogen only.28  On the other hand, the case of hetera-
adamantane (Fig. 7) causes the fixation of two methylenes,
since the C2 axis contains the two methylenes, as shown in Eq.
20.  Such stereochemical examination of the case of n � 2
shows that the Cn axis for Cnv or Cn contains one or two posi-
tions.  As a result, α in Eq. 5 is concluded to be equal to one or
two if n is equal to 2 or greater than 2.

The discussion described in the preceding paragraph in
combination with Eq. 7 shows the existence of two cases (if n
� 2), i.e., one case where the normalizer of Cnv (or Cn is Cnv

(or Cn) itself where no dihedral two-fold axes are present and
the other case where the normalizer of Cnv (or Cn) is Dnd (or
Dn) where dihedral two-fold axes are present, perpendicular to

the Cn axis.  Hence we have α � |Cnv|/|Cnv| � 1 (or α � |Cn|/
|Cn| � 1) or α � |Dnd|/|Cnv| � 2 (or α � |Dn|/|Cn| � 2) if we
presume n � 2.

In constant, the case of n � 1 (i.e. Gi � Cs) means the fixa-
tion of a mirror plane.  As a result, there may appear cases in
which more than 2 positions are fixed (i.e. α may be more than
2 in Eq. 5), though such a mirror plane caused the fixation of
two positions in the example of adamantane into 2-chloroada-
mantane (Fig. 6).  For example, the mono-substitution of per-
hydrofullerene is represented by the following subduction:29

Ih(/Cs) ↓ Cs � 4Cs(/Cs) � 28Cs(/C1) (26)

The local symmetry Gk
(i) of the second CR Gi(/Gk

(i)) in Eq. 5
can be shown to be Cs or C1.  Suppose that Gi is Cnv or Cn.  Be-
cause of Gk

(i) � g�1Gig ∩ Gi (Theorem 2 of Ref. 24), a stere-
ochemical examination shows that the conjugate groups,
g�1Gig and Gi, have no Cn axis in common (n � 2).  This
means that g�1Gig ∩ Gi is Gs or C1.  If Gi is Cs (n � 1), g�1Gig
∩ Gi is obviously determined to be C1.

Conclusion

Desymmetrization of achiral skeletons by mono-substitu-
tion is examined by virtue of the subduction of a coset repre-
sentation, G(/Gi) ↓ Gi.  The resulting molecule contains one or
more one-membered homospheric or hemispheric Gi(/Gi)-or-
bits and one or more Gi(/Gk

(i))-orbit, we where the Gk
(i) is a

subgroup of Gi.  The multiplicities of these coset representa-
tions are calculated from the data of the participating groups
and the normalizer of Gi.
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